FLUID MECHANICS AND TRANSPORT PHENOMENA

Dimensional Analysis for Planetary Mixer:

Modified Power and

Reynolds Numbers

G. Delaplace, R. Guérin, and J. C. Leuliet
INRA-LGPTA, 59651 Villeneuve d’Ascq, France

DOI 10.1002/aic.10563
Published online August 29, 2005 in Wiley InterScience (www.interscience.wiley.com,).

Mixing times, power consumption, heat transfer, and scale-up predictions in an agitated
vessel require the use of correlations between dimensionless groups such as Prandtl, Nusselt,
Power, and Reynolds numbers. These dimensionless numbers are now well established for an
agitated vessel equipped with a vertically and centrally mounted impeller in the tank for both
Newtonian and non-Newtonian fluids. To our knowledge, there is more ambiguity as to the
definition of the characteristic speed and dimensions, which should be taken into account in
the dimensional analysis of planetary mixers. The aim of this paper is twofold: (1) to propose
modified Reynolds and Power numbers for planetary mixers and (2) to ascertain the reliability
of the modified dimensionless number proposed for a particular planetary mixer, The TRI-
AXE®, which uses a combination of rotation and gyration of a pitched blade turbine to achieve
mixing. The modified Reynolds and Power numbers proposed involve the maximum tip speed
as characteristic velocity and are consistent with the definition of traditional Reynolds and
Power numbers when only a single revolution around the vertical axis of the mixing device
occurs in the vessel, as is the case for a standard mixing system. Experimental power
measurements carried out with a planetary mixer when mixing highly viscous Newtonian
fluids show that the modified Reynolds and Power numbers proposed succeed in obtaining a
unique power curve for the mixing system independently of the speed ratio. This close
agreement proves that the modified Reynolds and Power numbers are well adapted for
engineering purposes and can be used to compare the power-consumption performances of
planetary mixers with well-established technologies. © 2005 American Institute of Chemical
Engineers AIChE J, 51: 3094-3100, 2005
Keywords: mixing, planetary mixers, dimensional analysis, power consumption,
Newtonian viscous fluids

Introduction

In the second half of the twentieth century, the systematic
use of dimensional analysis to investigate mixing processes has
allowed this field to evolve from “arts into sciences.” Today the
whole field of classical stirring technology (here, the word
classical refers to impellers vertically and centrally mounted in
the tank) has been examined, so that the definition of signifi-
cant dimensionless groups has now become well established.
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Thus, for any stirring operation (heat transfer, blending, and so
on), depending on the flow regime and the mixing systems
investigated, numerous correlations involving various dimen-
sionless numbers have been proposed in the open literature for
both design and/or scale-up. Consequently, a deeper process
understanding and/or better or reproducible products can be
achieved. This is not yet the case for the planetary mixers.
Indeed, for this kind of mixing equipment, the literature is
relatively scarce.!® In addition, some dimensionless numbers
still suffer from ambiguity with respect to the characteristic
speed and dimension, which should be taken into account.
This lack prevents the comparison of performances of the
planetary mixers with those of classical mixing systems. For
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example, the Reynolds number Re and Power number N, are
now well established for an agitated vessel equipped with
various geometries of impeller vertically and centrally mounted
in the tank for both Newtonian and non-Newtonian fluids. N,
and Re are traditionally used to characterize the power de-
mands of a classical mixing system (N, vs. Re), when no vortex
formation occurs in the tank (the Froude number can be ne-
glected). In these dimensionless numbers, the characteristic
length chosen is the diameter of the impeller that, in fact,
corresponds to an external dimension of the impeller perpen-
dicular to the vertical revolution axis. The characteristic veloc-
ity chosen (=ND) is proportional to the maximum linear ve-
locity encountered in the vessel (=mND). Note that the
characteristic velocity corresponds to the impeller tip speed
divided by .

However, for planetary mixers the maximum linear velocity
encountered in the vessel is influenced by both the relative and
displacement velocities and, consequently, depends on the two
revolution speeds. In the same way, the characteristic dimen-
sion of the mixing system is much more complex to define.
Therefore the classical Reynolds and Power numbers should be
adequately modified to take into account the complexity of the
combined motion required by the agitator.

The aim of this paper is twofold : (1) to propose modified
Reynolds and Power numbers for planetary mixers and (2) to
ascertain the reliability of the dimensionless numbers proposed
for a new planetary mixer, The TRIAXE® system, which uses
a combination of rotation and gyration of a pitched blade
turbine to achieve mixing.

Experimental
Mixing equipment

The mixing equipment used in this investigation is the TRI-
AXE® system (HOGNON® S.A., Mormant, France), which
allows the agitator to combine two motions: gyration and
rotation (Figure 1). This planetary mixer is characterized by
two revolutionary motions that are nearly perpendicular. Gy-
ration is a revolution of the agitator around a vertical axis,
whereas rotation is a revolution of the agitator around a nearly
horizontal axis. These double motions allow the agitator to
periodically come in contact with the entire volume of the
vessel. In this work, the mixing tool for the TRIAXE® system
is a four pitched blade turbine (Figure 2). The tank used is a
transparent glass cylinder with rounded bottom (Figure 2). The
diameter of the vessel is 0.4 m. In this work, experimental
measurements were carried out when the agitator was fully
immersed in the liquid. This liquid height corresponds to a
liquid volume of 38 L, corresponding to a liquid height of 0.39
m.

The mixing equipment was driven by two variable-speed
motors. To obtain the total power consumption of the TRI-
AXE® system, power draw measurements were carried out
alternately for the two variable-speed drive motors that control
the impeller revolutions. To do so, a torque meter (Scaime Inc.,
Annemasse Cedex, France) ranging from 0 to 5 N'm, was
mounted alternately on the two motor drive shafts (Figure 2)
and the torque was measured for various impeller speed ratios.
Total power draw was estimated as a simple summation of the
two motor drives. More exactly, the procedure to obtain power
requirement of each motor was the following:
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Figure 1. TRIAXE® system.
For the planetary mixer studied, d; = 0.14 mand D = 0.38 m.

(1) The torquemeter is mounted on one of the two motor
drive shafts just before the reduction gearbox. The reduction
gearbox ratio R for the gyration motor drive is equal to 145.
The reduction gearbox ratio Ry, for the rotation motor drive is
equal to 34.

(2) The revolution speed of the motor drive shaft that is not
equipped with the torque meter is maintained constant, whereas
torque measurements exerted on the second motor drive shaft
(Mg motor OF Mg oo TeSpectively) are performed for various
revolution speeds of the second motor drive shaft (Ng 050, OF
Ng morors Tespectively). This was done both when mixing a
Newtonian fluid (Mg ,,00r OF Mg 1mosor TESPECtively) or when air
(no loading) was contained in the vessel (Mg ,moror O Mgo motors
respectively), to determine the effective torque exerted on each
motor drive shaft (Mg uoir = Mo moor) O (Mg moror —
Mo moror)> TESPECtively].

(3) Torque measurements were carried out on the full range
of speeds available on the motor drive shafts. Because of the
gearbox reductions on the two motor drive shafts, the range of
revolution speeds available for the two agitator shafts (after the
gearbox) are: 0 to 16 rpm for Ng and 0 to 90 rpm for Np,.

(4) Then neglecting mechanical friction in the gear box, the
effective torque required by each agitator shaft was plotted:
Mg = Mgo) = Mg moror = Mo moro)RG OF (Mg — Mgo) =
Mg oror — Mro motor)Rr» TESPectively, as a function of the
agitator speeds (respectively N or Ng). At this step, we have
observed that effective torque values exerted on rotation agi-
tator shaft were not dependent on the gyrational speed of the
impeller (see Figure 3 as an example) and vice versa. Conse-
quently, the effective torque values exerted on rotation agitator
shaft (respectively on gyration agitator shaft) can be predicted
by the only knowledge of viscosity and rotational impeller
speed: M, — My, = 1.265uNy (respectively M, — My, =
1.595uN;). Note that, for a fixed revolution speed and the
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Figure 2. Picture of the agitator and vessel of the TRI-
AXE® system used in this investigation.

Red circle on the picture refers to the torquemeter device. The
vessel tank diameter 7 and liquid height H, were set equal to
0.4 and 0.39 m, respectively. For the planetary mixer studied,
d;=0.14 mand D = 0.38 m.

TRIAXE® system under investigation, the torque exerted on
gyration agitator shaft is the same order as that obtained for
rotation agitator shaft. The same observation was already made
and detailed in a previous paper’ when the agitator was not
fully immersed in the liquid. Then, the power input for each
motor can be deduced. Power attributed to gyration and rota-
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Figure 3. Effective torque exerted on rotation/p vs. im-
peller rotational speed.

Symbols refer to various impeller gyrational speeds tested.
Solid line is obtained by linear regression.
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Figure 4. Classical geometric parameters and notations
used for mixing vessel equipped with an im-
peller vertically and centrally mounted in the
tank.

tion are, respectively, PG = (MG motor MG() mvtor)zﬂ-NG motor
and PR = (MR motor MRO motor)szR motors where NG motor and
Ng moror are, respectively, the gyrational and rotational speeds
of the motor shaft. Finally, total power consumption P can be
estimated by adding the contribution of power draw required
by the two motors (Pg; + Pg).

(5) Using this procedure, the total power consumption of the
planetary mixer when mixing a Newtonian fluid (uw = 22 Pa-s
and p = 1400 kg/m’) was plotted in Figures 8 and 9 (see
below).

Agitated fluid

The agitated fluid is a highly viscous Newtonian fluid. The
liquid consists of glucose syrup/water mixtures of various
viscosities ranging from 15 to 29 Pass, depending on the
temperature encountered in the vessel. The rheological prop-
erties and densities of the test fluid were obtained at the same
temperatures as those encountered in the mixing equipment.
Density at 20°C of the test fluid is 1400 kg/m>. The rheological
properties of the test fluid were measured in standard controlled
rotational speed concentric cylinders (Rheomat 30, Contraves
AG, Zurich, Switzerland). The shear rate range applied to the
controlled shear rate viscosimeter varied from 0 to 500 s~ 'and
corresponds to the shear rate range encountered in the tank.

Theory

Dimensional analysis for an agitated vessel equipped
with an impeller vertically and centrally mounted in the
tank

When mixing Newtonian liquids in an agitated vessel with-
out baffles, equipped with an impeller vertically and centrally
mounted in the tank (Figure 4), the power P of a given stirrer
type and given installation conditions (vessel diameter 7, agi-
tator height H, liquid height H,, and bottom clearance C) in a
homogeneous liquid depends on the agitator diameter d (as the
characteristic length), the material parameters of the liquid
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Figure 5. Sketch and symbols used for the TRIAXE® sys-
tem.

(density p and dynamic viscosity w), and on the stirrer speed N.
When no vortex exists, the acceleration attributed to gravity g
is not relevant with respect to the power draw.

The above-mentioned dependency on dimensional parame-
ters

F(P,d,T,H, H;, C,p, u,N) =0 (D

leads, by way of dimensional analysis, to the following
dependency between dimensionless numberss:

Fy(N,, Re, T/d, Hld, H,,,, Cld) = 0 )

N, = PIpN°d° is the so-called Newton number (often termed
the Power number) and Re = pNd*/u is the Reynolds number.

For a given agitator and fixed installation conditions, Eq. 2
is reduced to a dependency between N, and Re.

F4(N,, Re) =0 3)

Dimensional analysis of a planetary mixer

Assuming that the acceleration arising from gravity (as in the
previous case) does not influence the mixing process of highly
viscous fluids, the list of relevant dimensional parameters in-
fluencing the power consumption, when mixing Newtonian
liquids with the TRIAXE® system equipped with a pitched
blade turbine, is

F.P, D, d,, p, i, Ng, Ng, installation conditions) = 0
“
In Eq. 4, N and N are, respectively, the rotational and the

gyrational impeller speeds; D and d; are the geometric param-
eters reported in Figure 5. p and w are, respectively, the density
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and dynamic viscosity of the liquid. The installation conditions
refer here to the vessel diameter 7, the liquid height H,, and the
bottom clearance C.

For fixed installation conditions, this seven-parameter di-
mensional space leads to a power characteristic consisting of
four pi-numbers

Ny D
Fs| Ny ReG’VG’Z =0 )
where N, = = PIpN%Ld? and Re; = pNsd2 /.

For a given planetary system, the ratio D/d, is fixed and the
power characteristic is reduced to a mutual dependency be-
tween each of the following three parameters constituting the
pi-set

N
F6 N])G’ ReG, Nic =0 (6)

Note that in Eqs. 5 and 6 the characteristic length and
velocity that appear in the modified power N, - and Reynolds
Re, numbers are d, and Nd,, respectively. This was chosen at
first approximation, given that when no rotational motion oc-
curs (Ng = 0), the planetary mixer under investigatiom is
transformed to a classical mixing system (Figure 6). Using
symbols adopted for classical mixing systems, d,, D, and Ng
(Figure 6) become, respectively, equal to d, H, and N (Figure
4). Thus, modified power N, and Reynolds Re; numbers
transform to the well-known N, and Re traditionally used for
classical mixing systems.

A closer look at Eq. 4 facilitates a reduction in the number
of physical quantities in the list of relevant parameters. Indeed,
it is possible to introduce as a characteristic velocity u,, a value
that is proportional to the impeller tip speed and reduce the list
of relevant physical variables describing the problem by three
parameters: Ny, Ng, and D:

F(P, dg, p, w, u, installation conditions) =0 (7)

Figure 6. Analogies between the geometric parameters
of the classical mixing system and the TRI-
AXE® planetary mixer when rotational speed is
set at zero.
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Figure 7. Example of evolution with time of the absolute
impeller tip speed.

For the two symbols, D =0.38 m and d;, = 0.14 m. For the
black symbols, N, and N were set at 0.286 and 0.1 rev/s,
respectively. For the gray symbols, N, and N were set at
0.286 and 0.345 rev/s, respectively.

For fixed installation conditions and a given planetary system
(Dld, is known), this five-parameter dimensional space leads to
a power characteristic consisting of only two pi-numbers

Fy(N

e RE,) =0 €))
with N, = Plpu’,d* and Re,, = pu_,d/u.

Note that for a planetary mixer, the instantaneous impeller
tip speed Uipperier ip(?) I an inert reference frame, is not a
constant value with time 7. This will be shown and discussed
later. By analogy with a dimensional analysis for classical
mixing systems, the characteristic velocity chosen in Eq. 8 was
the maximum velocity encountered in the vessel divided by

Uep = max[uimpeller tip(t)]/’n- (9)

To sum up, the dimensional analysis of the power consump-
tion of the TRIAXE® system in a fixed installation condition
when mixing highly viscous fluids, leads either to a relation-
ship between three pi-numbers (Eq. 6) or two pi-numbers (Eq.
8) if a characteristic speed proportional to the maximum im-
peller tip speed is introduced in the parametric dimensional
space. In addition, it has been shown that the pi-numbers can be
reduced to well-known Reynolds and Power numbers, when
the rotational speed is zero. This is quite logical because, in this
case, the TRIAXE® system is transformed to a classical mixing
system equipped with an agitator vertically and centrally
mounted in the tank.

In the following section, the way to compute the character-
istic speed for the TRIAXE® system will be detailed. Then, the
reliability of the two pi-numbers proposed will be ascertained,
using power consumption measurements.

Determination of the characteristic speed of the
TRIAXE® system

For the TRIAXE® system, which combines the dual motions
reported in Figure 1, the magnitude of instantaneous impeller
tip speed in an inert reference frame is defined as follows (more
details are given in Appendix A)
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D\’ d)\?
uimpeller tip(t) = {(27TNR 5) + <2’7TNG E)

D 2
+ (27TNG E) cos’(2mNgt) — 2 NxNgd,D sin(ZwNRt)}

1/2

(10)

where N, and N are, respectively, the rotational and the
gyrational impeller speeds; D and d; are the geometric param-
eters reported in Figure 1; and ¢ represents the time.

Depending on whether the ratio Nxd/Ngd is <1 (see Ap-
pendix B), the function ¢ +> Uy pener ip(f) does not have the
same evolution with time and reaches two (Nzd/Ns;d > 1) or
four extrema (Ngd/Nsd < 1). The various shapes of the
absolute impeller tip speed with time are illustrated in Figure 7.
The derivation of Eq. 10 allows us to obtain the instants for
which the magnitude of absolute impeller tip speed reaches
extrema (see Appendix B), and thus to compute the maximum
value for impeller tip speed max[u; (1)]. Finally, using
Eq. 9, u., can be deduced.

mpeller tip

ch

Results and Discussion

Power consumption measurements obtained for the TRIAXE®
system investigated when mixing a Newtonian fluid are shown in
Figure 8. Results are presented in terms of the dimensionless
numbers (N, vs. Reg) previously defined in Eq. 6.

Figure 8 clearly shows that the power characteristic of the
TRIAXE® system cannot be reduced to a unique relation
between Power and Reynolds numbers when d; and Nd, are
used as characteristic length and velocity, respectively. Indeed
in this case, it would appear that the power data are strongly
influenced by the speed ratio values Ng/N;.

In contrast, it is shown in Figure 9 that the use of modified
Reynolds and Power numbers, such as those suggested in Eq.
8, succeed in obtaining a unique power characteristic for the
TRIAXE® system, independently of the speed ratios chosen.
This proves to a certain extent the reliability of using maximum
impeller tip speed as characteristic velocity and a dimension
perpendicular to the vertical axis of revolution as characteristic
length. Moreover, it can be observed from Figure 9 that the
product N,, Re,, is constant, as obtained with classical mixing
systems when mixing highly viscous fluids. The value of the
product was found to be 343. As with classical mixing equip-
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S 1000000
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10007 N ! L sl

0.001 0.01 0.1 1
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Figure 8. Power characteristics of the planetary mixer
using the three pi-numbers defined in Eq. 6.
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Figure 9. Power characteristic of the planetary mixer
using the two pi-numbers defined in Eq. 8.

ments, these results allow a Reynolds number to be defined and
the power consumption of the planetary mixer to be predicted,
on the basis of the two impeller revolution speeds (gyration and
rotation) and the liquid properties. It should be noted that a
product N, Re,, of 343, does not mean that the power con-
sumption of the planetary mixer is fairly similar to that of the
helical ribbon impeller (N,Re around 300 for standard helical
ribbon®). Indeed, for a given liquid under a laminar regime,
power consumption is obtained not only by multiplying the
power constant N,Re, but also by the characteristic length
exponent 3. In this case, to include the same tank volume, the
characteristic length required for the helical ribbon is around
twofold higher than that of the planetary mixer under investi-
gation. Consequently, the power draw required by the TRI-
AXE® system is lower than that by standard helical ribbon
impeller.

Conclusion

In this paper, modified Reynolds and Power numbers for a
planetary mixer—the TRIAXE® system, which combines dual
revolutionary motions—has been developed.

It has been shown that the proposed modified Reynolds and
Power numbers, which involve the maximum impeller tip
speed as characteristic velocity and a dimension perpendicular
to the vertical axis of revolution as characteristic length, allow
one to obtain a unique power characteristic of the mixing
system, regardless of the speed ratios. Moreover, the charac-
teristic length and velocity chosen ensure that the modified
dimensionless numbers proposed are consistent with the defi-
nition of traditional Reynolds and Power numbers, when the
impeller performed only a single revolution around the vertical
axis in the tank, as in the case of a classical mixing system. So,
it clearly appeared that the modified Reynolds and Power
numbers can be easily used to compare the power consumption
of planetary mixers with that of conventional mixing systems.

In our judgment, the suggested modified Power and Reyn-
olds numbers can be used for other planetary mixers that
combine two revolutions around a vertical axis. Only the
expression of the characteristic velocity must be modified, to
allow for the differing operating conditions. In contrast to
double-armed planetary mixers or twin-blade arrangement, di-
mensional analysis defined in Eq. 6 should be preferred be-
cause there is no way to reduce the pi-numbers using a char-
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acteristic velocity that takes into account the two different
revolutionary speeds.
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Appendix A Scheme 1

Considering M to be a point located at the TRIAXE® im-
peller tip, the absolute velocity of M in the rotating reference
frame (¢, ¢,, é,) is given by

" (do_zﬂ) (dOO/) +(dO’M)
0= _
dt B dt N dt X

d(?)_/) _ (do0’
dr R_ dt

)+()A0_5' with Q= Qg
.

Scheme 1.
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400"\ . p—
=0 and QN 00’
ar |,
0 0 |—2mNgd/2
= |—2aN A\ |0 = 0
0 dJ2 0

do'M dO'M I L
- +OANO'M with O=0,,
R R’

dt dt
(DI2)cos(2mNgt)
O0'M = | (D/2)sin(2mwNgt)
0
STy —(D/2)27Ngsin(2wNt)
dO'M ( f f
() = | (D/2)27Ngcos(2Nzt)
e/, 0

QON oM
0 (D/2)cos(2mNgt) 0
= | =27Ng /\ |(D/2)sin(27wNgt) = 0
0 0 27N (D/2)cos(27Ngt)
—(DI2)27Ngsin(QmNgt) — 2wNgd, /2
Va = (D/2)27tNgcos(2mNRt)
27N (D/2)cos(27Ngt)

Consequently, the absolute velocity of M in the inert reference
frame (X, Y, Z) is given by

[—(D/2)27Ngsin(2mNgt) — 27N gdy/ 2]sin(2mNgt) + [27Ng(D/2)cos(2mNgt) Jcos(2mNgt)
Va = | —=[—(D/2)27Ngsin(2mNyt) — 2mNgd,/2]cos(2mNt) + [277Ns(D/2)cos(2 Nk [sin(2 N 1)
—(D/2)27Ngcos(2Ngt)

Thus, the magnitude of absolute velocity of M is given by

”i)/a” = Uimpeller lip(t) =

Appendix B

It can be shown that the function ¢ +> 4;,e11er (1), defined in
Eq. 10, reaches an extremum when the derivative of the function
t + w(t) is equal to zero with w(r) given by w(f) = —2(D/
227NRTN(d/2)sin(2mNgE) + [27N(D/2)]*cos*(2mNgL).

The derivative of the function 7 + w(r) is dw(t)/dt =
27N ReosQTN H{[—2(DI2)2TTNR2TN(dJ2)] — 2[27NHD/
2)]?sin(2mNg)}.

Consequently dw(t)/dt = 0 when the following conditions

apply:

o
'=an,
3
'= 4N,

Ned.

sin(2mNgt) = — Nd
G

(DI2)27NR)* + 27Ng(d/2) ] — 2(D/2)2wNz2mN;(d /1 2)sin(27Nt)
+ [27N(D/2) Pcos*(2mNgt)

So, depending on whether ratio Nzd/Nsd is <1, function ¢ +>
Uimpelier ip(f) has two or four extrema that are respectively

reached at
B 1 3
*= vy v
or at
B 1 3
A PYAFIA
or

. NRd.\' . NRd.\'
arcsin NGd s T — arcsin NGd

From these extrema, a maximum value for impeller tip speed
max[U;pener ip(H)] can be selected.
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